Recent theoretical advances in elasticity of membranes following Helfrich's famous spontaneous curvature model are summarized in this review. The governing equations describing equilibrium configurations of lipid vesicles, lipid membranes with free edges, and chiral lipid membranes are presented. Several analytic solutions to these equations and their corresponding configurations are demonstrated.
I. INTRODUCTION
Cells are basic elements of life. Membrane structures make cells to be relatively independent individuals but still able to exchange matter and energy between the inner sides of cells and the outer surroundings. Lipids and proteins are the main chemical components of membranes. Under the physiological condition, they form a fluid mosaic structure [1] . In this fluid mosaic model, a cell membrane is considered as a lipid bilayer where lipid molecules can move freely in the membrane surface like fluid, while proteins are embedded in the lipid bilayer. Although the cell membrane possesses the character of fluid membranes, it is not a fully 3-dimensional (3D) isotropic fluid. Actually, the cell membrane is in the liquid crystal phase [2] and it can endure the out-of-plane deformation of bending. This physical property is crucial to the morphology and function of cells.
The simplest cells are human red blood cells in mature stage because they have no internal organelles. Therefore, the physical property of membranes uniquely determines the shapes of red blood cells. Normal human red blood cells at rest are typically of biconcave discoidal shape, so we call them discocytes. Why are red blood cells at rest always of biconcave discoidal shape? This problem has attracted considerable attention of researchers. In order to fit the biconcave shape, Fung and Tong [3] proposed a sandwich model with an assumption that the thickness of the membrane could vary in the scale of micrometers. However, the observation with an electron microscope revealed that the thickness of the membrane should be uniform in the scale of micrometers [4] . Lopez et al. [5] proposed that the distribution of electric charges over membrane surface might vary in the scale of micrometers. However, the measurement by Greer and Baker [6] revealed a uniform distribution of charges over the scale of micrometers in the surface of red blood cells. Murphy [7] argued that the shape of red blood cells might be related to the nonuniform distribution of cholesterol in the cell membrane. But the experiment by Seeman et al. [8] did not support this hypothesis. Canham [9] proposed an incompressible shell model and argued that the biconcave discoidal shape should be the result of minimizing the curvature energy for the given surface area and volume of the red blood cell. Although the dumbbell-like shape has the same curvature energy as the biconcave discoid within this model, the former configuration has never been observed in any experiment [10] .
Helfrich recognized that a lipid bilayer, the main ingredient of cell membranes, is in the liquid crystal state [2] . A membrane is thought of as a 2D smooth surface in a 3D Euclidean space because its thickness is much smaller than its lateral dimension. By analogy with the Frank energy [11] of a bent nematic crystal box, Helfrich derived the curvature energy per unit area of the membrane [2] :
where kc andk are two bending moduli. The measured value of kc is about tens of kBT , the energy scale of thermal motion, and it depends on the constituents of lipid bilayer [12] [13] [14] [15] [16] [17] [18] . There is still a lack of directly experimental schemes to extract the value ofk. H and K in equation (1) are locally the mean curvature and the Gaussian curvature of the membrane surface, respectively. The parameter c0 in equation (1) is called spontaneous curvature which reflects the asymmetry between two leaves of the membrane. The Canham curvature energy can be regarded as the special form of the Helfrich curvature energy with c0 = 0 andk = −kc. Although the Helfrich curvature energy (1) was originally derived from the liquid crystal theory, it can be utilized to describe the bending energy of 2D isotropic membranes. Since a normal red blood cell has no internal organelles, it can be regarded as an amount of liquid enclosed by a cell membrane. The cell membrane consists of not only a lipid bilayer but also a layer of membrane skeleton beneath the lipid bilayer [19] . The lipid bilayer is 2D isotropic. The membrane skeleton of red blood cell is roughly a 2D hexagonal lattice. As is well known, the mechanical property of a 2D hexagonal lattice is the same as that of 2D isotropic materials [20] . Thus, the cell membrane of red blood cell, a lipid bilayer plus a layer of membrane skeleton, may be regarded as locally 2D isotropic matter so that its bending energy up to the quadratic order of curvatures may still be expressed as the Helfrich curvature energy. The equilibrium shape of a closed membrane is thought of as the configuration minimizing the total Helfrich curvature energy EHdA for the given surface area of the membrane and volume enclosed in the membrane. With the consideration of equation (1), both numerical and theoretical results could be achieved [21, 22] to fit the biconcave discoidal shape of human red blood cells. Following Helfrich's spontaneous curvature model, the elasticity of membranes has been deeply investigated in the past forty years [23] [24] [25] [26] . In this review, we will report the most relevant theoretical advances following the Helfrich model in terms of our prospect. In section II, we briefly present the shape equation of lipid vesicles and its special solutions. The nonlocal bending theory, a generalization of Helfrich's model, is analyzed. In section III, we present the governing equations describing equilibrium configurations of lipid membranes with free edges and the corresponding special solutions. The stress tensor of fluid membranes and the values of Gaussian bending modulusk in equation (1) are discussed. In section IV, the Helfrich model is generalized to the theory of chiral lipid membranes. With the consideration of a concise theory of chiral lipid membranes, the governing equations describing equilibrium configurations of chiral lipid membranes with or without free edges and the corresponding special solutions are demonstrated. The last section is a brief summary where we also propose several theoretical challenges in the elasticity of membranes.
II. LIPID VESICLES
Lipid molecules are amphiphilic. When a certain amount of lipid molecules are dispersed in water, they may self-organize into vesicles with different configurations. In this section, we will present the theoretical work relevant to the configurations of lipid vesicles.
A. Shape equation and its special solutions
A lipid vesicle can be regarded as a closed smooth surface. Its equilibrium configuration is expected to correspond to the local minimal of the extended Helfrich's free energy
where EH is the Helfrich curvature energy (1). The symbols A and V represent the total area of the membrane surface and the volume enclosed in the vesicle, respectively. λ and p are two Lagrange multipliers which constrain the fixed A and V , respectively. These two parameters can be regarded as the apparent surface tension and osmotic pressure (the outside pressure minus the inside one) of the lipid vesicle, respectively. The Euler-Lagrange equation corresponding to functional (2) may be derived from the calculus of variation. The first order variation of functional (2) without c0 was calculated by Jenkins [27] . With the consideration of the spontaneous curvature c0, Ou-Yang and Helfrich [28, 29] obtained the general Euler-Lagrange equation:
with a reduced osmotic pressurep ≡ p/kc and a reduced surface tensionλ ≡ λ/kc. ∇ 2 is the Laplace operator defined on a 2D surface. This formula is called shape equation of lipid vesicles, which represents the force balance along the normal direction of the membrane surface. If we use f (x, y, z) = 0, the function of spatial coordinates x, y and z, to express the surface, equation (3) is a fourth-order nonlinear partial differential equation. There is no general solution to a nonlinear differential equation, so we can only guess some special solutions in terms of intuition.
The simplest solution is a spherical surface with radius R as shown in figure 1a . In this case, shape equation (3) requires
The existence of roots to the above equation depends on the values of parameters c0,p, andλ. In particular, whenp < 0 and (2λ + c The spherical vesicle is instable when the reduced osmotic pressurep exceeds a thresholdp2 ≡ 2(6 − c0R)/R 3 and it will be transformed into a biconcave discoid [2] . When the reduced osmotic pressure exceedsp l ≡ 2[l(l + 1) − c0R]/R 3 , the vesicle will be further transformed into a shape of l-th polygon symmetry [28] .
The second solution to shape equation (3) is a torus with the ratio of two generation radii being √ 2 [30] . As shown in figure 1b, the torus can be expressed as a vector form {(R + r cos ϕ) cos θ, (R + r cos ϕ) sin θ, r sin ϕ}. Through simple calculations, shape equation (3) 
with ̺ ≡ R/r. This equation holds only if the coefficients of {1, cos ϕ, cos 2 ϕ, cos 3 ϕ} vanish for finite ̺, which follows p = −2c0/r 2 ,λ = c0(4 − c0r)/2r, and ̺ ≡ R/r = √ 2. That is, there exists a lipid torus with the ratio of its two generation radii being √ 2, which was confirmed by the experiment [31] . We emphasize that the torus with ̺ ≡ R/r = √ 2 is not only a solution to shape equation (3) [32] conjectured that the integral of the square of the mean curvature of a smooth immersed surface with toroidal topology in the 3D Euclid space is at least 2π 2 and the lower bound is taken for the torus with ̺ ≡ R/r = √ 2. This conjecture has been investigated by many mathematicians [33] [34] [35] [36] [37] for fifty years. Finally, Marques and Neves succeeded in proving this conjecture by using the min-max theory of minimal surfaces [38] .
The third solution to shape equation (3) corresponds to a biconcave discoid shown in figure 1c. To make it clear, we consider the axisymmetric form of shape equation (3) . Since each axisymmetric surface may be generated by a contour line, we merely need to derive out the governing equation for the contour line. As proposed by Helfrich [2] , the contour line can be parameterized as function ψ = ψ(ρ) where ρ represents the rotation radius of some point in the contour line while ψ is the tangent angle of the contour line at that point. In this representation, shape equation (3) is transformed into [39] :
with H ≡ sin ψ/ρ + (sin ψ)
′ and K = sin ψ(sin ψ) ′ /ρ. The 'prime' represents the derivative with respect to ρ. This equation is a third-order ordinary differential equation. Zheng and Liu found a first integral η0 for the above equation [40] and then transformed this equation into a second-order differential equation:
(7) Castro-Villarreal and Guven [41] pointed out that the existence of the first integral results from the conservation law of the stress in fluid membranes. The above equation degenerates into the formula derived by Seifert et al. [42] when η0 = 0 in equation (7) which holds for vesicles with spherical topology free from singular points [43] .
When 0 < c0ρB < e, the parametric equation
corresponds to a contour line shown in figure 1c. Substituting it into equation (7), one obtainsp = 0,λ = 0, and η0 = −2c0 = 0. That is, a biconcave discoid generated by the contour line satisfying equation (8) is a special solution to the shape equation of vesicles. It is found that this special solution can fit the biconcave discoidal shape of human red blood cells under normal physiological conditions [22, 44] . There also exist several analytic solutions to shape equation (3), such as the constant-mean-curvature surfaces (excluding spheres) and cylinder-like surfaces [45] [46] [47] [48] [49] [50] [51] [52] . We have not explicitly sketched them because they do not correspond to closed configurations without self-intersections.
B. Generalization: nonlocal bending theory
To explain the stomatocyte-discocyte-echinocyte transition of human red blood cells, the Helfrich model is generalized to a nonlocal bending theory. When a lipid bilayer is bent from a flat configuration, the area of per lipid molecule in each leaf should depart from the equilibrium value. Considering the in-plane stretching or compression in each leaf, a nonlocal term (kr/2)( 2HdA)
2 may be added to the bending energy of membranes [53, 54] . kr = kat 2 /2A0 is an elastic constant where ka and t being the compression modulus and thickness of the monolayer, respectively. A0 is the prescribed area of the membrane in the flat configuration. Considering this term, one may express the free energy of a vesicle as
This model is called bilayer-coupled model [53, 54] . Similarly, if the membrane is initially curved with (spontaneous) relative area difference a0, the nonlocal term (kr/2)( 2HdA + a0)
2 may be included in the free energy after the membrane is deformed [55] . Thus the free energy of a vesicle may be expressed as
This model is called area-difference-elasticity model [55] . Based on this model and numerical simulations, Lim et al. [56] explained the stomatocyte-discocyte-echinocyte transition of human red blood cells. The budding transitions of axisymmetric fluid-bilayer vesicles have been fully investigated on the basis of area difference elasticity [55] . It is still necessary to discuss the general cases without the presumption of axisymmetry.
In fact, if we make variable transformations C0 = c0 + a0kr/kc and Λ = λ+a (9). Thus it is sufficient for us to consider the free energy (9) . According to the variational method developed in the previous work [57] , the shape equation of vesicles which corresponds to the EulerLagrange equation of free energy (9) can be derived as
(11) with reduced parametersp ≡ p/kc,λ ≡ λ/kc andkr ≡ kr/kc. This is a fourth-order nonlinearly integro-differential equation, so it is very difficult for us to seek analytic solutions to this equation.
Let us assume c0 =c0 − 2kr HdA, then equation (11) is transformed intõ
Since the above equation has the same form as shape equation (3), the solutions to shape equation (11) should share the same forms as those to shape equation (3) except for different values of parameters.
III. LIPID MEMBRANES WITH FREE EDGES
Open bilayer configurations can be stabilized by edgereactant salts [58, 59] or some proteins [60] . This experimental fact draws researchers' attention to studying the configurations of lipid membranes with free exposed edges. Baol and Rao [61] found that the only energy minimizing axisymmetric shapes are the disk and the sphere for zero spontaneous curvature, and that the transition from open to closed configuration depends on the rigidity and the line tension. Capovilla et al. investigated the stress of fluid membranes [62] and then derived the general governing equations of lipid membranes with free exposed edges [63] . An equivalent form of the general governing equations was also derived from variational method with aid of differential forms [64] . The possible solutions to the governing equations of lipid membranes with free edges were discussed in recent work [65, 66] . We will sketch these results and their implications based on Hefrich's model in this section.
A. Governing equations and their special solutions
A lipid membrane with a free edge can be regarded as a smooth surface with a boundary curve C as shown in figure 3. Vectors t and b are located in the tangent plane of the surface. The former is the tangent vector of C while the latter is perpendicular to t and points to the side that the surface is located in. Since the freely exposed edge is energetically unfavorable, we assign a positive line tension γ, the energy cost per unit length, to the free edge. Then the total free energy can be expressed as
where L is the total length of the free edge. By using the moving frame method to calculate the firstorder variation of functional (13), Tu and Ou-Yang [64] derived the shape equation
and three boundary conditions
(1/2)(2H + c0) 2 +kK +λ +γκg
where κn, κg, and τg are the normal curvature, the geodesic curvature, and the geodesic torsion of the boundary curve, respectively. The 'dot' represents the derivative with respect to the arc length of the edge.k ≡k/kc andγ ≡ γ/kc are the reduced bending modulus and the reduced line tension, respectively. According to the physical meaning of variation, equation (14) indicates the force balance in the normal direction of the membrane while equations (15)- (17) represent the force or moment balances at each point in curve C [64] . Thus the above governing equations are also available for an open membrane with several edges. Since the points in the boundary curve should satisfy not only the boundary conditions, but also the shape equation, above governing equations (14)- (17) might not be independent of each other. In other words, there exist compatibility conditions for these equations. By using scaling transformation, Tu [65] derived a compatibility condition 2c0
HdA
Through similar discussions in section II A, shape equation (14) may be transformed into a second-order ordinary differential equation
(19) for an axisymmetric surface. Comparing this equation with boundary conditions (15)- (17), Tu [65] achieved another compatibility condition,
for axisymmetric surfaces. With the consideration of this condition, the shape equation is reduced to
while three boundary conditions are reduced to two independent equations as follows [64, 65] :
where σ = 1 or −1 if the tangent vector t of the boundary curve is parallel or antiparallel to the rotation direction, respectively. An obviously but trivially analytic solution to shape equation (14) with boundary conditions (15)- (17) is a flat circular disk with radius R. In this case, equations (14)- (17) degenerate intoλ R +γ = 0
for vanishing c0. It is a stiff task to find nontrivially analytic solutions to governing equations (14)- (17) . To do that, we need to seek a surface satisfying shape equation (14) , and then find a simple closed curve abiding by boundary conditions (15)- (17) figure 4 . This theorem suggests that it is very difficult to achieve analytic solutions to shape equation (14) with boundary conditions (15)- (17) for open lipid membranes. Thus numerical simulations [65, 67, 68] are highly appreciated. In addition, Tu [69] investigated the quasi-exact solution which is defined as a surface with free edges such that the points on that surface exactly satisfy shape equation (14), and most of points (except several discrete points) in the edges abide by boundary conditions (15)- (17) . Two possible quasiexact solutions have been achieved: One is a straight stripe cut from a cylindrical surface along the axial direction; another is a twist ribbon which is a part of a minimal surface (H=0).
B. Stress tensor of fluid membranes
Capovilla et al. [62, 63] The concept of stress comes from the force balance and the moment balance for any domain in a lipid membrane. As shown in figure 5 , we cut a domain bounded by a curve C from the lipid membrane. At each point, we construct a right-handed orthogonal frame {e1, e2, n} with n being the unit normal vector. A pressure p is loaded on the surface against the normal direction. t is the unit tangent vector of curve C. Unit vector b is located in the tangent plane and it is normal to t. Vectors f and m represent the force and the moment per unit length applied on curve C by lipids out of the domain, respectively.
According to Newtonian mechanics, a physical object is in equilibrium when the force balance and the moment balance are simultaneously satisfied. It follows that
where ds and dA are the arc length element of curve C and the area element of the domain, respectively. r represents the position vector of a point on the surface. We can mathematically define two second order tensors S and M such that S · b = f and M · b = m. These two tensors are called stress tensor and bending moment tensor, respectively. Using the Stokes theorem and considering the arbitrariness of the domain, we can derive the equilibrium equations [62, 70] :
with S1 ≡ S · e1 and S2 ≡ S · e2. "div" represents the divergence operator defined on a 2D surface. As done by Capovilla and Guven [62, 63] , if we consider the Helfrich model, the bending moment tensor and the stress tensor can be express as
and
respectively, where ∇ is the gradient operator defined on a 2D surface. I ≡ e1e1 + e2e2 represents the 2D unit tensor. C ≡ −∇n is the curvature tensor whose trace and determinate give the twice of mean curvature (2H) and the Gaussian curvature (K), respectively. With the consideration of the moment balance equation (28) and the bending moment tensor (29) , the force balance equation (27) may be further transformed into
Substituting the stress tensor (30) into the above equation, we can readily derive shape equation (3) . Furthermore, governing equations (14)- (17) of open lipid membranes can also be derived from the stress tensor and the bending moment tensor with the consideration of the Gauss-Bonnet formula and the contribution of line tension [63] . Particles bound to a soft interface display effective interactions between each other because they deform the shape of the interface. The typical examples are membrane-mediated interactions between inclusions (e.g. proteins or colloids) adhering to or embedded in lipid membranes [71] [72] [73] [74] [75] [76] [77] [78] [79] . Müller et al. [80, 81] pointed out that the problem of membranemediated interactions between particles may be regarded as a correspondence of general relativity in the low dimension, and that the stress tensor is useful for the investigation of membrane-mediated interactions between particles bound to a lipid membrane. By using the stress tensor, they expressed the force on a particle as a line integral along any closed contour surrounding the particle [80, 81] .
C. Gaussian bending modulus
The Gaussian bending modulus is significant for the case that the topology of a membrane is changed. For example, it directly influences on the energetics of vesicle divisions. For simplicity, we consider that a spherical vesicle with R0 is divided into two spherical vesicles with identical radius R1. The constraint of constant area requires R1 = R0/ √ 2. In terms of Helfrich curvature energy (1), the bending energy of initial vesicle is Fi = 2πkc(c0R0 − 2) 2 + 4πk. After division, the total bending energy of two spherical vesicles is F f = 4πkc(c0R0/ √ 2 − 2) 2 + 8πk. Thus the net gain of energy is
This equation implies that the division state (two small spherical vesicles) is more energetically favorable than the initial state (one large spherical vesicle) if ∆F < 0, and vice versa.
Hence, the condition for the existence of a spherical vesicle (∆F > 0) may be expressed as
Thus it is important for us to know the value ofk. Theoretical estimation within the framework of liquid crystal theory implies thatk may be positive or negative [25] . One can perturb the local mean curvature and Gaussian curvature with the micropipette technique. However, the integral of gaussian curvature on a surface abides by the famous Gauss-Bonnet formula KdA = 2πχ− κgds, where χ depends only on the topology of the surface while κg is the geodesic curvature of the edge. Thus the total energyk KdA cannot be perturbed with the micropipette technique in conventional experiments, which leads to the difficulty of measuring the value ofk.
To measure the value ofk, we should seek for new ideas, for example, changing the topology of the surface or perturbing the geodesic curvature of the edge. Lorenzen et al. [82] regarded a pierced bilayer vesicle as a closed monolayer vesicle and estimatedk ≈ −0.83kc.
Templer et al. [83] estimatedk ≈ −0.75kc from measurements of the swelling behavior in water of inverse bicontinuous cubic mesophases in a system composed of 1-monoolein, dioleoylphosphatidylcholine, and dioleoylphosphatidylethanolamine.
Siegel and Kozlov [84] observed the phase behavior of N-mono-methylated dioleoylphosphatidylethanolamine and determinedk ≈ −0.83kc. Jülicher and Lipowsky [85] pointed out the possibility to obtain the value ofk from phase-separated vesicles. Following this idea, Baumgart et al. [86] estimated the absolute difference in Gaussian moduli of liquid disorder phase and liquid order phase to be 3.6kc by fitting the shapes of two-phase vesicles observed in their experiment. Hu et al. [87] found that the difference in Gaussian moduli could stabilize the multiple domains of liquid-disorder phase through Monte Carlo simulations. Semrau et al. [88] combined analytical and experimental approaches to phase-separated vesicles and extracted the value ofk ≈ −0.31kc. Tu [65] fitted the contour line of open lipid membranes observed in the experiment [60] by using the theory of open lipid membranes mentioned in section III A, and then extracted the value ofk ≈ −0.12kc.
There are also several estimations from molecular dynamics simulations. By using coarse-grained methods, Brannigan and Brown [89] estimatedk ≈ −0.54kc while den Otter [90] achievedk ≈ −0.03kc. Recently, Hu et al. [91, 92] estimated k ≈ −1.0kc from high accuracy simulations.
If we take the sparse values estimated from experiments and simulations into account, it is still necessary to further investigate the lipid membrane with free edges through tight interplays between theoretical and experimental researches.
IV. CHIRAL LIPID MEMBRANES
Chiral molecules can form chiral membrane structures [93] [94] [95] [96] [97] . Fang's group [98] observed the projected direction of the DC8,9P C molecules on tubular surfaces and found the 45
• departure of direction from the equator of the tubules at the uniform tilting state. The same group [99] also observed lipid tubules with helical ripples. The pitch angles of helical ripples are concentrated on about 5
• and 28
• [99] . Cholesterol helical stripes with pitch angles 11
• and 54 • were usually observed [100, 101] in the bile of patients with gallstones. Additionally, Oda et al. [102, 103] reported twisted ribbons of achiral cationic amphiphiles interacting with chiral tartrate counterions. They found that the width and pitch of twisted ribbons could be tuned by the concentration difference of left-and right-handed tartrate counterions [102] . Following the seminal work by Hefrich and Prost [104] , several theoretical models [105] [106] [107] [108] [109] [110] [111] [112] were developed to explain these experimental results on chiral membranes. In this section, we will briefly review several relevant theoretical achievements.
A. Helfrich-Prost model
Hefrich and Prost [104] assumed that the chiral molecules stay in the Smectic C * phase at which the direction of the molecules is tilted from the normal of membranes at a constant angle. Select a locally right-handed orthogonal frame {n, m, p}, where n is the normal vector of the membrane, m denotes the projection of tilting direction on the membrane, and p coincides with the axis of the ferroelectric polarization. According to the symmetry argument [104] , the bending energy per unit area may be expressed as the sum of a complete set of independent invariants of quadratic and linear order in ∇n, which reads
where the operator "Tr" represents the trace of a tensor. The first three terms in the above equation reflect the anisotropic bending. The fourth term represents the contribution of Gaussian curvature. The first two linear terms lead to two spontaneous curvatures c0m = km/kmm and c0p = kp/kpp. The last term represents the effect of molecular chirality, which vanishes for achiral membranes because p and −p are physically equivalent for the achiral membranes. For completeness, with the consideration of orientational order, the terms (p·∇m·p) 2 , (m·∇m·p) 2 , (p·∇m·p), and (m·∇m·p) may be added in equation (34) .
For simplicity, Hefrich and Prost discussed the special case of an isotropic bending by taking kmm = kmp = kpp = kc. Equation (34) may be written as E ch = (kc/2)(Tr∇n) 2 − h(m · ∇n · p). For the uniform tilting state in a cylindrical membrane with radius R, the elastic energy density may be further written as E ch = (kc/2R
2 ) − (h/2R) sin 2ϕ, where ϕ represents the angle between the titling direction and the circumferential direction of the cylinder. Obviously, this energy takes minimum at ϕ = π/4 for h > 0 and ϕ = −π/4 for h < 0, which may provide a good explanation to the experimental facts observed in Ref. [98] . If the bending rigidity is anisotropic, the angle ϕ of minimum energy needs not be π/4. The observation in Ref. [100, 101] might correspond to this case.
Based on the Hefrich-Prost model, Ou-Yang and Liu [105, 106] explained the transition sequence from the vesicle to twisted ribbon then to helical stripe observed in experiment [93] . In particular, they also found that the chiral term could be further expressed as
where τm is the geodesic torsion along m, the projection vector of titling direction on the membrane. Nelson and Powers [107] adopted the Hefrich-Prost model to investigate a rigid chiral membrane with an assumption that the bending rigidities kmm, kmp, kpp are much larger than kBT while the chiral coupling parameter h is relative small. By using the renormalization group theory, they showed how thermal fluctuations could reduce the effective value of the chiral coupling constant.
B. Selinger-Schnur model
Selinger and Schnur [108] refined and developed the Helfrich-Prost model for chiral lipid tubules. The free energy in their model contains three types of contributions. The first one is the curvature free energy
where R is the radius of a tubule while kc is the bending rigidity. The second term is the tilting free energy
where θ represents the angle between the direction of a lipid molecule and the normal direction of the tubule at the position of that lipid molecule. This free energy has the Landaulike form: a = α(Tc − T ) and b > 0 are two Landau coefficients. T and Tc represent the temperature of environment and the critical temperature, respectively. This free energy can describe the transition from the tilting phase to the untilting phase when the temperature is increased. The third term is the Frank free energy [11] due to the distortions of direction field arranged by lipid molecules:
where k1, k2 and k3 are the elastic constants for splay, twist, and bend distortions, respectively. ∇3 represents the gradient operator in a 3D Euclidean space. The parameter q0 represents the chirality of lipid molecules. The unit vector l represents the direction of each lipid molecule.
FIG. 6.
Tubules: (a) with helically modulated tilting state [108] ; (b) with ripples.
The total free energy may be expressed as F total = Fcurv + F tilt + F Frank . Adopting this free energy, Selinger and Schnur [108] predicted a tubule with helically modulated tilting state. As shown in figure 6a, several helical stripes form the tubule while the tilting direction of molecules in each helical stripe is invariant along the direction of the helix. Next, Selinger et al. [109] generalized their previous model to describe chiral lipid membranes rather than the perfect cylindrical tubules. They predicted an imperfect tubule with helical ripples as shown in figure 6b. Then, they proposed a scenario for the kinetic evolution from flat membranes (or large vesicles) into tubules. When a flat membrane is cooled from an untilting phase into a tilting phase, the tilting order emerges. The tilted chiral molecules form a series of stripes separated by domain walls. Each stripe then forms a helix with ripples. These helices may grow wider and wider to form a tubule with helical ripples as shown in figure 6b.
Komura and Ou-Yang [111] argued that the Frank free energy (38) has implicitly contained the curvature free energy (36) . They merely began with the Frank free energy and considered two classes of helical stripes: one is called P-helix which is at the uniform tilting phase such that the molecules nearby the domain walls are parallel packing; the other is called A-helix which is at the modulated tilting state such that the molecules nearby the domain walls are antiparallel packing. They found that the A-helix can explain the helical stripes with low-pitch angle 11
• observed in the experiment [100] while the P-helix exactly corresponds to the helical stripes with high-pitch angle 54
• observed in the experiment [100] .
C. Concise theory of chiral lipid membranes
Due to the complicated form of the free energy used in above theories [104] [105] [106] [107] [108] [109] [110] [111] , the general Euler-Lagrange equations corresponding to the free energy are expected to be so intricate that they have not been explicitly written out in the previous work. Thus no one has unambiguously judged whether a configuration is a genuinely equilibrium structure or not. Tu and Seifert [112] constructed a simplified theory of chiral lipid membranes which could overcome this difficulty to some extent. Chiral lipid membranes can be represented as smooth surfaces with or without boundary curves as shown in figure 7. Tu and Seifert [112] assumed that the free energy per unit area contains three contributions: The first one is the isotropic curvature energy, which is taken as the Helfrich form (1). The second one comes from the chirality of molecules, which is taken as equation (35) . Without loss of generality, h is assumed to be positive. The third one comes from the orientational variation of tilting order [113] in the membrane surface, which is taken as
, where k f is an elastic constant. Note that "curl" is the curl operator defined on a 2D surface, which gives an scalar when it operates on a vector. Introducing a spin connection field S satisfying curl S = K, one can derive (curl m)
per unit area may be expressed as the following concise form:
with v ≡ ∇φ − S. From a symmetric point of view, this special form is the minimal construction including the bending, the chirality, and the tilting order for given vector field m on the membrane surface and normal vector field n of membrane surface. In recent work, Napoli and Vergori [114, 115] derived the effective 2D free energies for chiral lipid membranes from the 3D Frank theory [11] for cholesteric liquid crystals. Their work implies that free energy density (39) is available for the strongly twisted cholesterics while an additional term should be included in equation (39) for the weakly twisted cholesterics. The free energy for a closed chiral lipid vesicle may be expressed as
where A is the area of the membrane and V is the volume enclosed by the vesicle. λ and p are two Lagrange multipliers to implement area and volume constraints. Using the surface variational method [57] , Tu and Seifert [112] derived two governing equations for equilibrium configurations:
with reduced parametersh ≡ h/kc,k f ≡ k f /kc,p ≡ p/kc, andλ ≡ λ/kc. κm and κv are the normal curvatures along the directions of vectors m and v, respectively. Note that Tu and Seifert [112] did not consider singular points for closed vesicles. Generally, the defects should have some effects on the morphology of vesicles. Jiang et al. [116] found that the tilting order significantly influences on the shapes of chiral lipid membranes with narrow necks. Xing et al. [117, 118] also found that inevitable topological defects in chiral lipid vesicles with spherical topology play essential roles in controlling the final morphology of vesicles. The free energy of a chiral lipid membrane with a free edge may be expressed as
where A is the area of the membrane and L the total length of the edge. γ represents the line tension of the edge. Tu and Seifert [112] found that the governing equations are the same as equations (41) and (42) with vanishingp, simultaneously, the following boundary conditions should be imposed on the free edge:
(1/2)(2H + c0)
γκn +kτg − 2∂H/∂b −h(vt +φ) sin 2φ +k f κnvt = 0, (47) with v b ≡ v · b and vt ≡ v · t. κn, τg and κg represent the normal curvature, the geodesic torsion, and the geodesic curvature of the boundary curve (i.e., the edge), respectively. The 'dot' represents the derivative with respect to arc length parameter s.φ is the angle between m and t at the boundary curve. Boundary conditions (44)- (47) are also available for a chiral lipid membrane with several edges since they describe the force balance and the moment balance in the edge. The concise theory mentioned above is consistent with the previous experiments [95, 96, 98] on self-assembled chiral lipid membranes of DC8,9PC. This theory does not permit genuinely helical stripes with free edges in a uniform tilting state. It also does not admit tubules with helically modulated tilting state which are energetically less favorable than tubules with helical ripples. Up to the first order perturbation, Tu and Seifert [112] estimated the pitch angles of helical ripples to be about 0
• and 35
• , which are close to the most frequent values 5
• observed in the experiment [99] .
FIG. 8. (Color online)
Three analytic solutions to the governing equations of chiral lipid membranes.
Three analytic solutions [112] to equations (41) and (42) • from the equator of the tubule. The second one is a torus with uniform tilting state as shown in figure 8b where the projected direction of the molecules on the toroidal surface departs 45
• from the equator of the torus. Interestingly, the ratio of two generation radii of the torus may be expressed as
Different from lipid torus mentioned in section II A, this ratio can be larger than √ 2 for non-vanishingk f . The third one corresponds to twisted ribbons as shown in figure 8c . The twisted ribbon in the top of figure 8c is left-handed and the projected direction of the molecules is perpendicular to the edge. On the contrary, the twisted ribbon in the bottom of figure 8c is right-handed and the projected direction of the molecules is parallel to the edge. The ratio of the width to the pitch of twisted ribbons is predicted to be proportional to the relative concentration difference of left-and right-handed enantiomers, which is in good agreement with the experiment [102] .
V. CONCLUSIONS
Since Helfrich's seminal work [2] was published in 1973, great achievements have been made in the field of elasticity of membranes during the past forty years. Helfrich's successors such as Prost, Liopwsky, Ou-Yang, Seifert, Selinger, Guven, Deserno, and so on, have made significant contributions in theoretical aspect during the development of elasticity of membranes. In this review, according to our personal prospect, we have reported several theoretical advances achieved by these researchers following the Helfrich theory of fluid membranes. We have presented the governing equations describing equilibrium configurations of lipid vesicles, lipid membranes with free edges, and chiral lipid membranes. We have also provided several special solutions to these equations and their corresponding configurations.
Although such great progress has been made, there still remain several challenges in theoretical aspect.
(i) Analytic solutions to shape equation (3). Can we further find analytic solutions to the shape equation rather than the sphere, the torus and the biconcave discoid such that they correspond to closed vesicles without self-contact or selfintersection?
(ii) Minimal geodesic disk [66] . Although we have introduced the theorem of non-existence in section III A, we cannot exclude a possible nontrivial solution: a disk on some minimal surface whose boundary curve has constant geodesic curvature but vanishing normal curvature. This kind of disks is briefly called minimal geodesic disk. A flat circular disk is a trivially minimal geodesic disk. Can we find a nontrivially minimal geodesic disk rather than the flat one? We conjecture that the flat circular disk is the unique minimal geodesic disk. An argument like this conjecture has been implicated in Almgren's proof of the general codimension sharp isoperimetric inequality [119] . Whether this conjecture is true or false
is still an open mathematical question [120] .
(iii) Lipid vesicles with multi-domains. Separation of liquid phases and formation of domains in giant vesicles of ternary mixtures of phospholipids and cholesterol were experimentally observed [86, [121] [122] [123] . Although lipid vesicles with two or several domains have been investigated from theoretical aspects [57, 70, 85, 86, [124] [125] [126] [127] , there is still a lack of rigorously analytic solutions to the general governing equations [57, 70] describing the configurations of lipid vesicles with multi-domains.
